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1. DEFINITIONS AND NOTATIONS

1.1. Notations.

Integer Part, Fractional Part. The integer part of a real number z is
| x| = greatest integer less than or equal to x. The fractional part of a
real number z is (z) =z — [z].

1.2. Some Definitions.

Bernoulli polynomials. The Bernoulli polynomials B, (z) can be de-
fined in various ways. The following are two of them:

(1) By a generating function:

(2) By the following recursive formulas (n > 1):
(1) Bo(z) =1,
(2) Bu(z) =nBna(z),

(3) /01 B, (z)dz = 0.

The first few Bernoulli polynomials are:

Bo(l‘) =1 Bl(x) :.’L'—%
Bo(w) =a? —x+§  By(x)=2"— 2" + g0

The Bernoulli numbers are B,, = B,,(0).
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2. VARIOUS TECHNIQUES

2.1. Summation by Parts. This is a formula that resembles integra-
tion by parts:

[y

n n—

Z 3 bk = [an Sn — 0y Sm—l] + (ak - ak—i—l)Sk )

k=m

il
3

where Sj, = Zf:t b; (the lower limit is arbitrary).

Example: Prove that the following series converges for every x not an
integer:

e 627rin3:
n
n=1
Answer: We call
N 2rni(N+1)z _ 1
_ 2mine __ €
SN—;e = 1 (x ¢7Z),
hence
2
Syl < ————.
| N| — |627rz:c _ 1|
Next using summation by parts:
N o N-1
e 1 1 1 1
= —Sy—-=5 - — Sh
; n NN 10+;(n n—l—l)
N-1
SN Sn
= — —1 _.
N * ; n(n+1)

Letting N — oo we get a series that converges absolutely by compari-
son with

(e 9]

Z 2/|e2ﬂ'ix — ]_| o 2 i 1 (telescopic) L
n=1 n(n + 1) |627riac — 1| — n(n + 1) |627ria: _ 1| :
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3. SUMMATION FORMULAS

3.1. The Euler-Maclaurin Summation Formula. Let f : [a,0] —
C be ¢ times differentiable, fb |f@(x)|dr < co. Then for 1 <m < ¢:

/ fla

+; L (B £9700) ~ Bel(a)) 1 @)

+ / o ((0)) £ )

where By(x) = kth Bernoulli polynomial.

a<n<b

Sum of Powers. As an example of application of the Euler-Maclaurin
summation formula, we give the sum of the first m rth powers:

S(m,r):an:1r~l—2’"—|—3’”+...+mr'
n=1
Here f(z) = 2", so f®(z) = rlz=®/(r — k)! for k = 0,1,...,7,
f®)(x) =0 for k > r, and

Zn—/xdx

0<n<m

+3° C8 (Balm) 76 (m) — Bu((0)) £ (0)

k=1
r r+1
_m o + Z (1" B, r! mr kL Bry
r+l o~ Kk (r—Fk+1)! r+1

r+1 r+1
= m 4 1 Z (_1)k (r+1) Bk mr—k+1 . Br+1

k
r+1 7“+1k:1 r+1
Hence
m 1 r+1
S ’ — ro__ ( _1k r+1 B r7k+1)_BT
() = 3o TH{ > (U () Bem a

where By, are the Bernoulli numbers By = 1, By = —1/2, By = 1/6,
etc.
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For instance, for r = 2 we get:

S(m,2) = % {(23: (~1)* (2) Bem*™) - Bg}

1
= g{BOmS—BBl’InQ—{'BBQm—Bg—Bg}

3.2. The Poisson Summation Formula. Here f represents a func-
tion f : R — C. The Fourier transform of f is defined in the following
way:

fy= [ pwean.

Periodic Version of a Function. The “periodic version” of f is defined
as follows:

N
fyer(x) = lim > f(x+n).
n=—N

If f is absolutely integrable over R, i.e., integrable and [~ _|f(z)|dz <
00, then f.,(z) exists for a.e.! z and is periodic: fyer(x+1) = fper(2).

Furthermore:

f(k) = /0 fper() e 2mike g

Poisson Summation Formula. If f is absolutely integrable over R, of
bounded variation and normalized in the sense that for every =,

f(e) = 5l (fw + )+ S = )},
then

o) T
> fla+n)= lim k_ZT Flk) ek,

n=—oo

Every = but a set of measure zero.



